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Ultralight dark matter (ULDM) is an attractive candidate for cold dark matter, one of the main
mysterious components of the Universe. Recent studies suggest that gravitational wave (GW) laser
interferometers can also detect bosonic ULDM fields, which would produce monochromatic signals
resembling those from GWs. Distinguishing between these potential origins therefore would be essential.
In this work, we develop a method to address this challenge for space-based GW interferometers (such as
LISA and Taiji) by utilizing the null-response channel (NRC) in interferometric combinations, a channel
constructed to have zero response to a specific type of source from a given direction. We find that while the
GW NRC remains blind to GWs from a specific direction, it still responds to ULDM, particularly at
frequencies above the interferometer’s critical frequency. The ULDM NRC exhibits similar behavior.
Based on these observations, we outline a test procedure to discriminate between signal origins. Our
method provides a new diagnostic tool for analyzing monochromatic signals in space-based GW
interferometers, potentially expanding the scientific scope of future missions.

DOI: 10.1103/xlqy-r6n3

I. INTRODUCTION

The first detection of gravitational waves (GWs) [1] has
marked the dawn of GW astronomy. With the advent of
next-generation detectors, both ground-based [2,3] and
space-based [4–6], GWs would powerfully help to explore
the dark side of our Universe. While GW interferometers
are primarily designed to detect GWs, they are also highly
sensitive to other physical phenomena [7–21], which may
also be probed via the associated GWs [22–24] or through
their influence on GW signals [25–28].
For instance, many theories beyond the standard model

(SM) of particle physics and cosmology predict the existence
of light bosonic fields [29–39], which are viable dark matter
(DM) candidates [40–42] and can interact with SM particles
very weakly. In the presence of such a DM field within the
Solar System, its oscillations can exert external forces on the
test masses, inducing motion that leads to variation in the

distance and thus producing detectable signals. In most
cases, signals induced by such ultralight DM (ULDM) are
quasi-monochromatic, with frequencies at integer multiples
of the ULDM’s Compton frequency [8,10,13,17,43,44].
However, quasi-monochromatic signals can also originate
fromGWs, such as those from compact binary inspirals [45].
Therefore, when such signals are detected, it is crucial to
determine whether they originate from GWs or DM.
In this work, we address this question in the context of

space-based GW interferometers, such as LISA [4] and
Taiji [5]. Previously we have suggested [15,16] that one can
differentiate between a GW signal and an ULDM one by
exploiting the differences in the responses of interferometry
channels, where the argument relies on sky-averaged
responses and thus neglects the direction dependence of
the responses. Here, we leverage the directional depend-
ence and present a new and more systematic approach. We
propose a null-response channel (NRC) for ULDM and
compare it with the case [46,47] for GWs. We systemati-
cally study the response of the GW NRC to ULDM and
vice versa. We find that, while the GW NRC remains blind
to GWs throughout the band, its response to ULDM differs
below and above the interferometer’s critical frequency.
Below this frequency, the ULDM signal is strongly sup-
pressed, whereas above it the GW NRC responds effec-
tively to ULDM. Similar behavior is observed for the
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ULDM NRC to GWs. This allows for a test procedure to
distinguish signal origins, as summarized in Fig. 5. Our
method provides a new diagnostic tool for the monochro-
matic signals in space-based GW interferometers.
This paper is organized as follows. In Sec. II, we first

introduce the idea behind the NRC and generalize it into a
form facilitating our discussion of ULDM. We then
construct the NRCs for vector and scalar ULDM. In
Sec. III, we examine the responses of both GW NRC
and ULDM NRC and outline the procedure for identifying
the origin of a detected monochromatic signal in LISA and
Taiji. In Sec. IV, we discuss the validity of our method and
possible further investigations on more practical cases.
Finally, we conclude in Sec. V.
Throughout the paper, we use natural units (c ¼ ℏ ¼ 1)

and refer to ULDMand bosonic field/wave interchangeably.

II. THEORETICAL FRAMEWORK

A. Detector and signal response

A space-based GW laser interferometer [4,5] typically
consists of three spacecraft arranged in a quasi-equilateral
triangle constellation, as illustrated in Fig. 1. Each space-
craft hosts two optical benches and two free-falling test
masses. Laser beams are exchanged between spacecraft to
monitor the inter-spacecraft distances. Each spacecraft both
sends and receives laser beams to and from the other two,
forming six laser links.
The basic observables are the six single-link data

streams, which record the relative frequency fluctuations
of laser:

yijðtÞ ¼ ysijðtÞ þ ynijðtÞ; ð1Þ
where i; j ¼ 1; 2; 3 and i ≠ j. The symbols ysijðtÞ and ynijðtÞ
represent the collective contributions of signals and noises,

respectively. For a GW propagating in the direction k̂, the
signal is given by [48]

ygwij ðtÞ ¼ −
X

p¼þ;×

n̂ij ⊗ n̂ij∶ep

2ð1 − k̂ · n̂ijÞ
× ½hpðt − k̂ · xiÞ − hpðt − Lij − k̂ · xjÞ�; ð2Þ

where xi and xj are the position vectors of the receiving and
sending spacecraft, respectively, n̂ij ¼ ðxi − xjÞ=Lij,
Lij ¼ jxi − xjj, hpðtÞ are the time-domain waveforms,
and ep are the polarization tensors.
We consider the scenario in which ULDM interacts

directly with the SM particles. In the presence of ULDM,
the test masses, which are made of SM particles, experience
external forces exerted by ULDM. The magnitude of these
forces depends on the local density of ULDM or the field
value at the location of each test mass. As a result, test
masses at both ends of a link experience different forces,
leading to relative motion. Modeled as the monochromatic
plane-wave form, ULDM induces the signal [7,8,15]

ybfij ðtÞ ¼ −eiωt
X
p

Hpðêp · n̂ijÞ½e−iωvk̂·xi − e−iωðLijþvk̂·xjÞ�;

ð3Þ

where êp are the unit polarization vectors and Hp is related
to the amplitude of ULDM. Details will be provided later in
the discussion around Eq. (15).
However, given the current laser stability, the single-link

data streams are dominated by the laser noise in ynijðtÞ.
Moreover, due to the complex orbital motion of the
spacecraft, the interferometer’s arm lengths vary with time
and are generally unequal. As a result, the simple
Michelson interferometric configuration fails to effectively

FIG. 1. Schematic of the detector and coordinate system. The three spacecraft are located at x1 ¼ ð0; 0; 0Þ, x2 ¼ Lðcos π
6
; sin π

6
; 0Þ,

x3 ¼ Lðcos π
6
;− sin π

6
; 0Þ, where L is the arm length of the detector. The unit vectors along the arms are given by

n̂1 ¼ 1
L ðx2 − x3Þ; n̂2 ¼ 1

L ðx3 − x1Þ; n̂3 ¼ 1
L ðx1 − x2Þ. The polar angle θ is measured from the detector plane and ranges from

−π=2 to π=2, with θ ¼ π=2 corresponding to the positive z-axis.
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cancel the laser noise. To overcome these issues, time-
delay interferometry (TDI) is employed [49–53]. By
appropriately time-shifting and combining the single-link
data streams, TDI synthesizes virtual equal-arm interfero-
metric configurations so that the laser noise is strongly
suppressed.
There are various interferometric configurations, also

referred to as TDI combinations or channels. For example,
Michelson-like X combination in the first-generation TDI is
given by

XðtÞ ¼ ðy13 þ y31;2 þ y12;22 þ y21;322Þ
− ðy12 þ y21;3 þ y13;33 þ y31;233Þ; ð4Þ

where yij;mnðtÞ ¼ yijðt − Lm − LnÞ with Lm being the
length of the arm opposite spacecraft m. The Sagnac α
combination is given by

α ¼ ðy13 þ y32;2 þ y21;12Þ − ðy12 þ y23;3 þ y31;13Þ: ð5Þ

With the permutation 1 → 2 → 3 → 1, we can get β and γ
combinations. Not all of these combinations are indepen-
dent. The space of all TDI combinations can be generated
by the four Sagnac combinations α, β, γ, and ζ [52]; i.e.,
any combination can be expressed as a linear combination
of these in the Fourier domain:

η̃ ¼ a1α̃þ a2β̃ þ a3γ̃ þ a4ζ̃; ð6Þ

where ∼ denotes the counterpart of a quantity in the Fourier
space and ai are the frequency-dependent coefficients. Due
to the algebraic structure associated with time delay
operators, the four generators are not independent [52].
At most frequencies, ζ̃ can be expressed in terms of the
remaining three and Eq. (6) reduces to

η̃ ¼ a1α̃þ a2β̃ þ a3γ̃: ð7Þ

The matched filtering signal-to-noise ratio (SNR) in η is
given by [54]

SNR2
η ¼

Z
df

ja1α̃s þ a2β̃s þ a3γ̃sj2
a†SαðfÞa

; ð8Þ

where α̃s denotes the signal contribution, a ¼ ½a1; a2; a3�T
is the coefficient vector, and SαðfÞ is the noise matrix
of Sagnac combinations, which is symmetric and
positive-definite. The elements of SαðfÞ are provided in
Appendix C.
The NRC, as suggested by its name, is defined as the

combination yielding zero SNR for sources in a specified
direction. Since the integrand in Eq. (8) is positive-definite,
the condition is satisfied only when

a1α̃s þ a2β̃s þ a3γ̃s ¼ 0: ð9Þ

For GWs in GR, α̃s can be decomposed into contributions
from the two polarization modes:

α̃s ¼ αgwþ ðf; k̂Þh̃þðfÞ þ αgw× ðf; k̂Þh̃×ðfÞ; ð10Þ

where h̃pðfÞ is the waveform in the Fourier domain, k̂
points from the source to the origin of the coordinate
system. The symbol αgwp ðf; k̂Þ denotes the response of the α
combination to GWs. The explicit expressions for the
responses of Sagnac combinations are provided in
Appendix A.
Substituting Eq. (10) into Eq. (9), we have

ða · xgw
þ ðk̂ÞÞh̃þ þ ða · xgw

× ðk̂ÞÞh̃× ¼ 0; ð11Þ

where xgw
p ðk̂Þ ¼ ½αgwp ðk̂Þ; βgwp ðk̂Þ; γgwp ðk̂Þ�T are the response

vectors. We omit the frequency dependency here for
notation simplicity and restore it when necessary. In
general, the two response vectors are not parallel to each
other, and a nontrivial solution of Eq. (11) is given by

agwc ðk̂Þ ¼ xgw
þ ðk̂Þ × xgw

× ðk̂Þ: ð12Þ

Therefore, the GW NRC is given by

η̃gwc ðf; k̂; k̂cÞ ¼ agwc ðk̂cÞ · ½α̃; β̃; γ̃�; ð13Þ

which has zero SNR for GWs propagating in the direction
specified by the parameter k̂c. Note that, by the construction
in Eq. (12), the effectiveness of a NRC does not depend on
the detailed waveform.
The expression in Eq. (11) is instructive and can be

generalized to scenarios involving n independent combi-
nations (detectors) and other exotic signals, such as those
arising from additional polarization modes in theories
beyond GR or from ULDM. The signal in a general
combination can be expressed as

η̃s ¼
X
p

ða · xpðk̂pÞÞh̃p; ð14Þ

where h̃p is the waveform of a wave traveling in k̂p
produced by source p. The coefficient vector and response
vector are given by a ¼ ½a1;…; an�T and xpðk̂pÞ ¼
½x1pðk̂pÞ;…; xnpðk̂pÞ�T , respectively, where xip is the
response of the ith combination to source p. Therefore,
as suggested by Eq. (14), finding a NRC is equivalent to
determining a coefficient vector a that is orthogonal to p
independent vectors xp in an n-dimensional vector space.
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B. The NRC for a vector ULDM

In this section, we construct the NRC for a nonrelativistic
vector ULDM field. We describe the vector ULDM field by
a monochromatic plane wave1:

AðxÞ ¼
X3
p¼1

Apêpeiðωt−k·xÞ; ð15Þ

where Ap are the amplitudes, êp are the unit polarization
vectors, ω ¼ 2πf ≃m, and k ≃mvk̂, v ¼ 10−3. Following
the idea explained in Sec. II A, a vector ULDM signal can
be expressed as

η̃s ¼
X3
p¼1

ða · xvf
p ðk̂ÞÞHpT; ð16Þ

where Hp ¼ gAp are the dimensionless effective ampli-
tudes, with g encapsulating coupling strength and experi-
ment-specific parameters, and T is the observation
duration. The response vector is given by xvf

p ðk̂Þ ¼
½αvfp ðk̂Þ; βvfp ðk̂Þ; γvfp ðk̂Þ�T , where αvfp ðk̂Þ is the response of
α combination to vector fields. The explicit expressions for
responses are provided in Appendix A.
At first glance, the presence of three polarizations

implies that finding the vector NRC would be impossible,
as there are only three independent combinations. However,
this changes upon closer examination of the response. We
first consider the simple static case in which the three
spacecraft that form the detector constellation lie in a
common plane, and define polarization modes relative to it.
We shall discuss the nonstatic case in Sec. IV.
Since the response is proportional to n̂ij · êp, see Eq. (3),

the combinations are inherently insensitive to the
polarization mode orthogonal to the plane, and Eq. (16)
reduces to

η̃s ¼
X2
p¼1

ða · xvf
p ðk̂ÞÞHpT; ð17Þ

where p ¼ 1; 2 refer to the two polarization modes parallel
to the plane. Therefore, analogous to the GW NRC, the
NRC for vector fields is given by

avfc ðk̂cÞ ¼ xvf
1 ðk̂cÞ × xvf

2 ðk̂cÞ; ð18Þ

where xvf
i represent the response vectors to the two parallel

polarization modes. Interestingly, as shown in Appendix B,

there exists a connection between the vector NRC and the
symmetric Sagnac combination ζ.
The above discussions do not depend on the coordinate

system, so we can proceed in a specific coordinate system,
as illustrated in Fig. 1. We assume equal arm lengths and
adopt the parameters of Taiji, as detailed in the Appendix C.
In Fig. 2, we simulate a vector signal in the vector NRC,
η̃vfc ðf; k̂; k̂cÞ. The signal is generated by a transverse,
circularly polarized vector plane wave propagating in the
direction k̂ ¼ ðθ;ϕÞ ¼ ð0.80; 1.77Þ2 with f ¼ 1 mHz and
unit amplitude. As shown in Fig. 2, the signal is strongly
suppressed when k̂c ¼ k̂.
In Fig. 3, we show the strength of signals from various

directions in their corresponding NRCs with a fixed
parameter k̂c. GWs and vector waves are assumed to be
transverse and circularly polarized. Since the response is
symmetric with respect to the detector plane, signals
propagating in the direction ðθ;ϕÞ ¼ ð−θc;ϕcÞ are also
strongly suppressed [46]. Note that the strengths in the
ULDM cases are symmetric across the entire band. This is
because LISA-like detectors for the relevant mass range
always operate in the long-wavelength limit (2πL=λ ≪ 1),
where the response to ULDM follows a simple dipole
pattern. In contrast, for GWs, the long-wavelength limit
coincides with the low-frequency limit (f ≪ fc ∼ 1=2πL),
and the response reduces to a quadrupole pattern only
within this regime.

C. The NRC for a scalar ULDM field

Next we consider the scalar ULDM field that takes a
plane-wave form

FIG. 2. Time-domain signals in the vector NRC for k̂c ¼ k̂ (red
dashed line) and k̂c ≠ k̂ (cyan solid line), generated by a trans-
verse, circularly polarized vector plane wave propagating in the
direction k̂ ¼ ð0.80; 1.77Þ with f ¼ 3 mHz and unit amplitude.
The signal is strongly suppressed when the NRC is aligned with
the source, i.e., k̂c ¼ k̂.

1Since DM particles follow a velocity distribution, the ULDM
field should be a superposition of plane waves [55–57]. However,
on a timescale shorter than the field’s coherence time, the field
can be modeled as a plane wave with a random amplitude and
phase drawn from appropriate probability distributions [16,58].

2The direction is given by k̂ ¼ ð− cos θ cosϕ;− cos θ sinϕ;
− sin θÞ. All angles are in the unit of radian.
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ΦðxÞ ¼ Φ0eiðωt−k·xÞ: ð19Þ

As an illustration, here we consider the model where the
scalar field is coupled through the trace of the test mass’s
energy-momentum tensor [8]. Consequently, detectors are
sensitive to the gradient of the scalar field:

∇Φðt;xÞ ¼ −iΦ0eiðωt−k·xÞk; ð20Þ

which behaves like a longitudinal-polarized vector field.
The scalar signal can be expressed as

η̃s ¼ ða · xsf
l ðk̂ÞÞHlT; ð21Þ

where Hl is the effective amplitude and xsf
l ðk̂Þ ¼

½αsfl ðk̂Þ; βsfl ðk̂Þ; γsfl ðk̂Þ�T with αsfl ðk̂Þ being the response of
the α combination to a longitudinal-polarized vector field.
Given that Eq. (21) involves only a single polarization
mode, the scalar case admits multiple NRCs. In fact, any

coefficient vector in the plane orthogonal to xsf
l ðk̂Þ corre-

sponds to a NRC. Without loss of generality, we choose

asfc ðk̂cÞ ¼ ½−βsfl ðk̂cÞ − γsfl ðk̂cÞ; αsfl ðk̂cÞ; αsfl ðk̂cÞ�T: ð22Þ

The signal strength in the scalar NRC, Eq. (22), for scalar
waves arriving from various directions is shown in the
bottom row of Fig. 3.
Note that since the gradient of a scalar field behaves like

a longitudinal-polarized vector field, the vector NRC given
by Eq. (18) also serves as a NRC for the scalar field model
considered here. However, the reverse is not true—Eq. (22)
is not a NRC for a general vector field. This can be used to
discriminate between different bosonic ULDM models.

D. Angular resolution

We quantify the angular resolution of the NRCs using the
gain function [47], which is defined as the ratio of the

FIG. 3. Signal strength jη̃j=T in NRCs for waves coming from various directions. From top to bottom: GW, vector, and scalar. Left for
f ¼ 1 mHz, and right for f ¼ 0.12 Hz. The parameter k̂c is fixed at (0.80,1.77), marked by the red dot. Waves have the unit
amplitude. GWs and vector waves are assumed to be transverse and circularlypolarized. The package HEALPY [59–61] is used here to
discretize the sky with Nside ¼ 128. The point (0,0) marks the center of each plot.
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median of the NRC response on a circle of radius r,
centered at the reference point ðθ0;ϕ0Þ in the ðθ;ϕÞ plane,
to that at the reference point, namely,

gðrÞ ¼ 10 log10
medianjη̃bfc ðθ;ϕÞj2

jη̃bfc ðθ0;ϕ0Þj2
: ð23Þ

The angular resolution is then defined as the radius with
g ¼ 3, which means that the signal power from a direction
offset by an angle r is twice that from the reference point.
We calculate the angular resolution over the full sky
direction. The results are shown in Fig. 4 for both vector
and scalar cases. As shown, the angular resolution is
Oð10−2Þ, at the same order as the case for GWs [47].

III. DISCRIMINATE ULDM AND GW SIGNALS

In this section, we explore the potential for distinguish-
ing monochromatic signals produced by ULDM from those
generated by GWs, using the NRCs both for GW and for
ULDM. The idea is as follows. Once a monochromatic
signal is identified from the conventional Michelson-like X,
we can construct the GW NRC and check the correspond-
ing signal strength. Since the GW NRC has zero response
to GWs from a specific direction, a nonvanishing signal in
this channel with k̂c ¼ k̂would point to a non-GWorigin—

potentially ULDM. A similar reasoning applies to the
NRC constructed for ULDM: if it yields a detectable
signal, the source is unlikely to be ULDM. A schematic
examination procedure is constructed here and summarized
by Fig. 5. Below we investigate the SNR more
quantitatively.

A. Employ the GW NRC to ULDM

We first start with the ULDM signals observed in the
GWNRC. According to Eqs. (16), (21), and (12), the signal
is given by

η̃gwbf ðf; k̂; k̂cÞ ¼
X
p

ðagwc ðk̂cÞ · xbf
p ðk̂ÞÞHpT; ð24Þ

where “bf” stands for either the scalar or vector field. We
define the response function, which translates the bosonic
field amplitudes into the signal strength in the GWNRC, as

Rgw
bf;pðf; k̂; k̂cÞ ¼ agwc ðk̂cÞ · xbf

p ðk̂Þ: ð25Þ

We numerically evaluate the response function for various
sets of parameters. We denote the magnitude of the scalar
response function by Rgw

sf ðf; k̂; k̂cÞ ¼ jRgw
sf;lðf; k̂; k̂cÞj. We

define the polarization-averaged response function of

FIG. 4. Angular resolution as a function of sky location. The vector field is assumed to be transverse and circularly polarized, the same
as in Fig. 3.

FIG. 5. Schematic of the examination procedure. “Y” and “N” represent a detectable signal and a null result, respectively. Note that if
the outcome is “YY” or “NN”, the exotic signal cannot be attributed to either the GWs predicted by GR or the ULDM considered in this
work.
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vector field as

Rgw
vf ðf; k̂; k̂cÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX3
p¼1

jRgw
vf;pðf; k̂; k̂cÞj2=3

vuut : ð26Þ

The response functions are shown in Fig. 6. We fix k̂ ¼
ðθ;ϕÞ ¼ ð0.80; 1.77Þ while varying the parameter
k̂c ¼ ðθc;ϕcÞ. For the scalar field, the response function

scales as f7 in the low-frequency regime when ϕc ¼ ϕ,
while it scales as f8 when ϕc ≠ ϕ. The behavior of the
vector field differs from that of the scalar field: Rgw

vf scales
as f6 for f < 5 × 10−4 Hz, and as f8 at higher frequencies.
To validate our numerical result, we derive the response

function in the low-frequency limit (δ ¼ 2πfL ≪ 1). For
the scalar signal, it is given by

Rgw
sf;lðf; k̂; k̂cÞ ≃ Fðk̂cÞ

�
i
2
δ7v½ðk̂c · n̂1Þðk̂ · n̂2Þðk̂ · n̂3Þ þ ð1 → 2 → 3 → 1Þ�

þ 1

4
δ8½ðk̂ · n̂1Þðk̂c · n̂2Þ − ðk̂ · n̂2Þðk̂c · n̂1Þ� þOðδ9Þ

�
; ð27Þ

where n̂i are the unit arm vectors defined in Fig. 1 and
Fðk̂cÞ is given by

Fðk̂cÞ ¼
3

ffiffiffi
3

p

16
½sinð3θcÞ − 7 sin θc�: ð28Þ

Note that, for k̂c ≠ k̂ and δ > v, the leading contribution to
Rgw
sf;l comes from the δ8 term. However, when k̂c ¼ k̂, the δ8

term vanishes and the δ7 term becomes dominant. Addi-
tionally, since we choose the detector plane as the x − y
plane, the δ8 term also vanishes when ϕc ¼ ϕ, as can be
seen from Eq. (27).
The expression for Rgw

vf;p in the low-frequency limit is
given by

Rgw
vf;pðf; k̂; k̂cÞ ≃ −Fðk̂cÞ½3δ6v½ðk̂ · n̂1Þðêp · n̂2Þ − ðk̂ · n̂2Þðêp · n̂1Þ� þOðvδ7Þ

þ 1

4
δ8½ðk̂c · n̂1Þðêp · n̂2Þ − ðk̂c · n̂2Þðêp · n̂1Þ� þOðδ9Þ�: ð29Þ

The frequency where Rgw
vf changes its behavior from f8 to f6 is determined by vδ6 ∼ δ8. For L ¼ 3 × 106 km, it is around

0.5 mHz. Thus, when f < 5 × 10−4 Hz, Rgw
vf is dominated by the vδ6 term and the response functions with a different

parameter k̂c, differing only by numerical factors given by Fðk̂cÞ. Note that when we set êp ¼ k̂, the vδ6 term vanishes and
we recover Eq. (27).

FIG. 6. Response function for the ULDM signals in the GW NRC. For the vector, the polarization-averaged response function is
plotted. The source location is fixed at k̂ ¼ ð0.80; 1.77Þ, while we vary the parameter k̂c.
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While the GW NRC exhibits a nonzero response to
ULDM, its SNR to the ULDM signal might be different
from that in the Michelson channel. For a monochromatic
signal considered here, Eq. (8) reduces to

SNRη ¼
SsðfÞ
SnðfÞ

; ð30Þ

where the one-sided power spectral density (PSD) of the
ULDM signal observed in ηgwc is given by

SsðfÞ ¼ 2

��η̃gwbf ðf; k̂s; k̂Þ��2
T

¼
���X

p
Rgw
bf;pðf; k̂s; k̂ÞHp

���2 T
2
;

ð31Þ

where, in the final step, we account for the fact that the
fields are represented by the real parts of Eqs. (15) and (19).
For the vector, we assume that the wave is linearly
polarized and average the signal over polarization direc-
tions, and Eq. (31) reduces to

SsðfÞ ¼ ðRgw
vf ðf; k̂s; k̂ÞÞ2Sh; ð32Þ

where we define the PSD of ULDM as Sh ¼ H2=2T and
Rgw
vf is the polarization-averaged response function given by

Eq. (26). For scalar, no averaging is needed and H ¼ Hl.
The one-sided PSD of the noise is given by

SnðfÞ ¼ agwc ðf; k̂cÞ†SαðfÞagwc ðf; k̂cÞ: ð33Þ

In Fig. 7, we plot the ULDM PSD required to achieve a
unit SNR in the GW NRC, assuming k̂c ¼ k̂ ¼ ð0.8; 1.77Þ.
We also show the average PSD required to achieve a unit

SNR for the Michelson-like X combination [15]. As
illustrated, while the GW NRC has a nonzero response
to ULDM, its sensitivity is degraded in the low-frequency
regime compared to the X combination. For example, if
ULDM produces a monochromatic signal at 1 mHz with
unit SNR in the X combination, the corresponding SNR in
ηgwc is 1.55 × 10−5 and 3.27 × 10−3 for the scalar and
vector, respectively. However, in the high-frequency
regime, if ULDM produces a signal at 50 mHz with unit
SNR in the X combination, the corresponding SNR in ηgwc
increases to 1.9 and 1.7. Since ηgwc strongly suppresses GW
signals from the same direction, the resulting SNR for a
GW would be vanishingly small, allowing one to distin-
guish a GW signal from the ULDM signal.

B. Employ the ULDM NRC to GWs

Now, we turn to the GW signals observed in the ULDM
NRC. We consider the signal generated by a monochro-
matic GW. The corresponding waveform is

h̃pðfÞ ¼ Hpδðf − fgwÞ ≃HpTδf;fgw : ð34Þ
The GW signal observed in the ULDM NRC is given by

η̃bfgwðf; k̂; k̂cÞ ¼
X

p¼þ;×

ðabfc ðk̂cÞ · xgw
p ðk̂ÞÞHpT; ð35Þ

where we have dropped the subscript in fgw without

confusion. The coefficient vector abfc ðk̂cÞ is given by
Eqs. (22) and (18) for the scalar and vector, respectively.
We define the response function as

Rbf
gw;pðf; k̂; k̂cÞ ¼ abfc ðk̂cÞ · xgw

p ðk̂Þ: ð36Þ

FIG. 7. Left: ULDM PSDs required to generate unit SNR in the GWNRC (solid). Green for scalar, and blue for vector. Also shown are
the sky and polarization averaged PSDs in the X combination (dashed), where the lines for scalar and vector are nearly overlapped.
Right: ratio between the SNR of the ULDM signal in the GW NRC and that in the X combination. The red dashed line indicates where
the ratio is equal to one.
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We numerically evaluate the response function for various
sets of parameters.We fix k̂ ¼ ð0.80; 1.77Þ as the location of
theGWsourcewhile varying the parameter k̂c.We define the
polarization-averaged response function of GWs as

Rbf
gwðf; k̂; k̂cÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX
p¼þ;×

jRbf
gw;pðf; k̂; k̂cÞj2=2

s
: ð37Þ

The response functions are shown in Fig. 8. In the low-
frequency regime, Rvf

gw scales as f6 for f < 1.6 × 10−5 Hz,
while it scales as f7 for 1.6 × 10−5 Hz < f < 10−3 Hz.
This behavior aligns with our expectation. As reported in
Ref. [15], the response of the Sagnac combination to
ULDM in the long-wavelength limit has an asymptotic
behavior vf2 þ f3 while that to GW is f2. Since the
coefficient vector avfc is quadratic in the response
to ULDM, the response function should behave as
ðvf2 þ f3Þ2 · f2 ∼ v2f6 þ vf7 þOðf8Þ. Explicit deriva-
tion shows that the Oðf8Þ terms cancel out each other

and the leading velocity-independent term is f9. Thus, in
the low-frequency regime, we have Rvf

gw ∼ v2f6 þ vf7.
Equating v2δ6 with vδ7, we have f ∼ 1.6 × 10−5 Hz, above
which Rvf

gw is dominated by the vf7 term and below which
the v2f6 term becomes important.
The response function Rsf

gw scales as f5 for f < 1.6 ×
10−5 Hz and as f6 for 1.6 × 10−5 Hz < f < 10−3 Hz. Since
the coefficient vector asfc , Eq. (22), is linear
in the response to ULDM, one should expect
Rsf
gw ∼ ðvf2 þ f3Þ · f2 ∼ vf4 þ f5. However, the sum of

the coefficients in front of these terms yields zero.
Consequently, Rsf

gw ∼ vf5 þ f6 in the low-frequency
regime.
Notably, the response functions with different k̂c seem to

only differ by an overall frequency-independent factor. This
can be understood as follows. As mentioned earlier, for the
nonrelativistic ULDM considered here, the long-wave-
length approximation is valid. Thus, the ULDM NRC
reduces to the form abfc ðf; k̂cÞ ≃ ābfc ðk̂cÞT ðfÞ, where T ðfÞ

FIG. 8. Response function for GW signals in the scalar (left) and vector (right) NRCs. The GW signals are averaged over polarizations;
i.e., the polarization-averaged response function, Eq (37), is plotted. The source location is fixed at k̂ ¼ ð0.80; 1.77Þ, while we vary the
parameter k̂c.

FIG. 9. Left: GW PSDs required to generate unit SNR in the ULDMNRCs (solid). Also shown are the sky and polarization PSD in the
X combination. Right: ratio between the SNR of the GW signal in the ULDM NRCs and that in the X combination. The dashed-red line
indicates where the ratio is equal to one.
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only depends on frequency. This can be verified with the
long-wavelength expressions of the response provided in
Appendix A, but also can be seen directly from Fig. 3,
where the strength distribution remains unchanged for
different frequencies in the ULDM case.
Aligning with the discussion in Sec. III A, we evaluate

the PSD of GWs Sh required to produce unit SNR in the
ULDM NRCs, assuming k̂c ¼ k̂ ¼ ð0.8; 1.77Þ. Similar to
Eq. (32), we average the signal over GW polarizations. The
results are shown in Fig. 9, where the sky and polarization
averaged PSD of the X combination is also included. As
illustrated, while the ULDM NRCs is not sensitive to GWs
as the Michelson channel at low frequencies, they can
become more sensitive in the high-frequency regime.

IV. DISCUSSION

In Sec. II B, we consider a static detector and define the
polarization modes with respect to the detector plane,
which is crucial for constructing the vector NRC. In
practice, however, the three spacecraft follow the helio-
centric orbits and do not remain in a single plane over the
course of the mission. Nevertheless, on a timescale of a few
hundred seconds, the relative displacements between
spacecraft are small enough that the constellation can be
well approximated as lying in a common plane. This allows
us to divide the observation into short segments of such
duration, within which polarization modes can be defined
relative to the instantaneous detector plane. The corre-
sponding NRC can then be constructed in each segment
following the method developed in the main text. By gluing
the segment-wise NRCs, we obtain a NRC which is valid
over the entire mission duration. Moreover, over a segment
of this length, the relative motion between the sources and
detector is negligible, thus the frequency modulation of
signal can be ignored.
In this work, we model the ULDM field as a mono-

chromatic planewave. However, since DM particles follow a
velocity distribution, ULDM in reality should be described
as a superposition of plane waves [13,41,55,56]. Taking
vector ULDM as an example, the field is described by

AðxÞ ¼ eimt
X
p

apðxÞx̂p; ð38Þ

where x ¼ ðt;xÞ, and m is the mass of ULDM. Temporal
coherence and spatial coherence of the field are encoded in
the complex amplitudes apðxÞ, which fluctuate stochasti-
cally over the coherence time and coherence length

τc ¼
2π

mσ2
≈ 4.13 × 108 s

�
10−17 eV

m

�
;

λc ¼ στc ≈ 1.24 × 1011 km

�
10−17 eV

m

�
; ð39Þ

where σ ∼ 10−3 is the velocity dispersion of DM. For scales

shorter than τc and λc, the variation of apðxÞ is negligible,
and the amplitudes can be treated as constant. Since we only
need to construct the NRC for a time segment of a few
hundred seconds, which is much shorter than τc, and the
detector has a size of about 106 km, which is much
smaller than λc, the variation of the amplitudes can be
safely ignored. Therefore, Eq. (38) coincides with a plane
wave of k ¼ 0. Thus, our formalism applies to the realistic
ULDM field.
Another important aspect of moving spacecraft is that, to

suppress laser noise to the required level, one need employ
the second-generation TDI [52], which has a more complex
algebraic structure than the first generation. Since the
second generation has more than three generators, we
expect our approach remains valid. Moreover, the presence
of multiple generators means that there are several
inequivalent sets of generators that can be used to construct
the NRC. Which set yields a NRC most effective at
distinguishing GW signals from those of ULDM
remains an open question. We leave this problem for future
work.
Finally, we note that in practice LISA tends to adopt a

global-fit approach to simultaneously extract source and
noise parameters [62]. The problem we address here
concerns identifying the physical origin of a monochro-
matic signal after its successful detection, and thus might be
regarded as the second step after the global fit. In this sense,
the noise parameters used in our NRC analysis should be
the output of the global fit.

V. CONCLUSION

We have addressed the challenge of distinguishing
monochromatic signals produced by GWs from those
potentially induced by ULDM in space-based GW detec-
tors. Our approach leverages the NRC, an interferometric
combination designed to cancel signals from a
specific source type at a given direction. We generalize
the NRC framework to accommodate multiple independent
detectors and potential signals arsing from ULDM or
additional polarizations in modified gravity. Using vector
and scalar ULDM as examples, we construct their
corresponding NRCs and analyze the responses to GWs.
We also investigate how the GW NRC responds to
ULDM.
Our results reveal that in the low-frequency regime the

ULDM NRC strongly suppresses GW signals, while the
GW NRC likewise suppresses ULDM signals. However,
this changes in the high-frequency regime, where each
NRC retains sensitivity to the other signal type at a level
comparable to the conventional Michelson combination.
This distinction enables a systematic procedure to dis-
criminate between GWand ULDM signals, as illustrated in
Fig. 5. Our method provides a valuable tool for enhancing
the scientific scope of future space-based GW detection
missions.
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APPENDIX A: SIGNAL RESPONSE

The response to a field’s polarization mode p is defined
as the Fourier transform of the signal, which is generated by
a monochromatic p-polarized plane wave withHp ¼ 1 and
all other components set to zero, divided by the Dirac delta
function arising from the Fourier transform of a mono-
chromatic signal. For example, the single-link signal
generated by a p-polarized monochromatic GW with unit
amplitude is given by

ygw;pij ðtÞ ¼ n̂ij ⊗ n̂ij∶ep

2ð1 − k̂ · n̂ijÞ
½e−iωðLijþk̂·xjÞ − e−iωk̂·xi �eiωt; ðA1Þ

where

eþ ¼ û ⊗ û − ν̂ ⊗ ν̂; e× ¼ û ⊗ v̂þ v̂ ⊗ û; ðA2Þ

where û ¼ ðcos θÞ−1∂k̂=∂ϕ and v̂ ¼ −∂k̂=∂θ. The Fourier
transform of Eq. (A1) is given by

ỹgw;pij ðfÞ ¼ ygw;pij δðf − fgwÞ; ðA3Þ

where the single-link response is given by

ygw;pij ðf; k̂Þ ¼ n̂ij ⊗ n̂ij∶ep

2ð1 − k̂ · n̂ijÞ
½e−i2πfðLijþk̂·xjÞ − e−i2πfk̂·xi �:

ðA4Þ

Similarly, the single-link response to ULDM can be
obtained by Fourier transforming Eq. (3).
The expression for the Sagnac α combination is given in

Eq. (5) and those for β,γ can be obtained by cycling the
index. The symmetric Sagnac combination is defined as

ζðtÞ ¼ y21;2 − y12;1 þ y13;1 − y31;3 þ y32;3 − y23;2: ðA5Þ

In the Fourier domain, the delay operation corresponds to
multiplication by the appropriate delay factor. For example,

yij;kðtÞ ¼ yijðt − LkÞ ↔ ỹij;kðfÞ ¼ e−i2πfLk ỹijðfÞ: ðA6Þ

Therefore, the responses of Sagnac combinations can be
obtained by linearly combining the single-link responses
with the corresponding delay factors as coefficients.
While the general expressions for the responses are

complicated, they can be expanded in powers of δ ¼ 2πfL
in the low-frequency regime. For GWs, the Sagnac
responses can be approximated as

αgwp ðf; k̂Þ ≃ δ2½n̂2 · epðk̂Þ · n̂2 − n̂3 · epðk̂Þ · n̂3�; ðA7Þ

ζgwp ðf; k̂Þ ≃ −
iδ3

12
½ðk̂ · n̂1Þðn̂1 · epðk̂Þ · n̂1Þ þ ð1 → 2 → 3Þ�;

ðA8Þ

where n̂i are the unit arm direction vectors defined in Fig. 1.
For bosonic fields, the low-frequency approximations are
given by

αbfp ðf; k̂Þ ≃ vδ2½ðêp · n̂2Þðk̂ · n̂1Þ − ðêp · n̂1Þð2k̂ · n̂3 − k̂ · n̂2Þ� þ iδ3êp · n̂1; ðA9Þ

ζbfp ðf; k̂Þ ≃
vδ2

3
½ððêp · n̂1Þðk̂ · n̂2Þ − ðêp · n̂2Þðk̂ · n̂1ÞÞ þ ð1 → 2 → 3Þ�; ðA10Þ

where we use the geometric identity
P

i n̂i ¼ 0 in the derivation. For scalar fields where êp ¼ k̂, we see that the vδ2 term in
Eq. (A10) vanishes and the leading term is

ζsfl ðfÞ ≃ −
i
2
v2δ3ðk̂ · n̂1Þðk̂ · n̂2Þðk̂ · n̂3Þ: ðA11Þ

Using the low-frequency expressions of Sagnac combinations, we derive the responses of the NRC to the corresponding
signal. For a vector,

ηvfc;pðf; k̂; k̂cÞ ≃ 3vδ8ðFx
2F

y
3 − Fy

2F
x
3Þðk̂ − k̂cÞ½ðn̂2 · êpÞn̂1 − ðn̂1 · êpÞn̂2�; ðA12Þ
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where Fx
i ¼ x̂ · n̂i and Fy

i ¼ ŷ · n̂i. For a scalar,

ηsfc;lðf; k̂; k̂cÞ ≃
3

2
v2δ6ðk̂c · n̂1Þðk̂ · n̂1Þ

× ½ðk̂ · n̂2Þðk̂ · n̂3Þ − ðk̂c · n̂2Þðk̂c · n̂3Þ�:
ðA13Þ

For GWs,

ηgwc;pðf; k̂; k̂cÞ ≃
i
4
δ7Fðk̂cÞðk̂ − k̂cÞ ·

�X
i

n̂iF
p
i ðk̂Þ

�
;

ðA14Þ

where Fp
i ðk̂Þ ¼ n̂i · epðk̂Þ · n̂i and

Fðk̂Þ ¼ ½ðFþ
1 F

×
2 − F×

1F
þ
2 Þ þ ðFþ

2 F
×
3 − F×

2F
þ
3 Þ

þ ðFþ
3 F

×
1 − F×

3F
þ
1 Þ�: ðA15Þ

Using the above analytic expressions, we can recover the
sky pattern shown in Fig. 3.

APPENDIX B: THE NRC COEFFICIENTS OF
THE VECTOR FIELD

We define the polarization modes relative to the coor-
dinate system in Fig. 1. The responses to the two transverse
polarizations (êp ¼ x̂; ŷ) are given by

αvfx;yðf; k̂Þ ¼ α1F
x;y
1 þ α2F

x;y
2 þ α3F

x;y
3 ; ðB1Þ

where Fp
i ¼ êp · n̂i, and

α1 ¼ ½e−i2πfðL2þk̂·x⃗3vÞ − e−i2πfðL2þL1þk̂·x⃗2vÞ�
þ ½e−i2πfðL3þk̂·x⃗2vÞ − e−i2πfðL3þL1þk̂·x⃗3vÞ�; ðB2Þ

α2 ¼ ½e−i2πfðk̂·x⃗1vÞ − e−i2πfðL2þk̂·x⃗3vÞ�
þ ½e−i2πfðL1þL3þk̂·x⃗3vÞ þ e−i2πfðL1þL2þL3þk̂·x⃗1vÞ�; ðB3Þ

α3 ¼ ½e−i2πfðL1þL2þk̂·x⃗2vÞ − e−i2πfðL1þL2þL3þk̂·x⃗1vÞ�
þ ½e−i2πfðk̂·x⃗1vÞ − e−i2πfðL3þk̂·x⃗2vÞ�: ðB4Þ

The expressions for β and γ can be obtained by permuting
the indices.
The coefficient vector avfc can be derived straightfor-

wardly. For example,

a3 ¼ ½Fx
2F

y
3 − Fy

2F
x
3�
X25
k¼1

BðkÞ
3 e−2πifΔ

ðkÞ
3 ; ðB5Þ

where we used Fx
1F

y
2 − Fy

1F
x
2 ¼ Fx

3F
y
1 − Fy

3F
x
1 ¼ Fx

2F
y
3 −

Fy
2F

x
3 which follows from the identity

P
i n̂i ¼ 0. The 25

time delays ΔðkÞ
3 are collected in Table I, and the coef-

ficients BðkÞ
3 are given by

Bð1Þ
3 ¼ Bð2Þ

3 ¼ Bð5Þ
3 ¼ Bð6Þ

3 ¼ 2;

Bð3Þ
3 ¼ Bð4Þ

3 ¼ Bð7Þ
3 ¼ Bð8Þ

3 ¼ −2;

Bð14Þ
3 ¼ Bð17Þ

3 ¼ Bð20Þ
3 ¼ Bð23Þ

3 ¼ −1;

Bð15Þ
3 ¼ Bð16Þ

3 ¼ Bð21Þ
3 ¼ Bð22Þ

3 ¼ −3;

Bð18Þ
3 ¼ Bð19Þ

3 ¼ Bð24Þ
3 ¼ Bð25Þ

3 ¼ 4;

Bð9Þ
3 ¼ Bð12Þ

3 ¼ 1;

Bð10Þ
3 ¼ Bð11Þ

3 ¼ 3;

Bð13Þ
3 ¼ −8: ðB6Þ

Assuming equal arm lengths Li ¼ Lj ¼ L and setting
v ¼ 0, we have

TABLE I. The 25 time delays entering into the function a3. The other 50 time delays, entering into the functions a1 and a2, can be
obtained by permuting the indices.

k ΔðkÞ
3 k ΔðkÞ

3 k ΔðkÞ
3

1 L1 þ L2 þ 2k̂ · x⃗1v 10 2L1 þ 2L2 þ k̂ · x⃗1vþ k̂ · x⃗2v 19 2L1 þ L2 þ L3 þ k̂ · x⃗1vþ k̂ · x⃗3v
2 L1 þ L2 þ 2L3 þ 2k̂ · x⃗1v 11 2L3 þ k̂ · x⃗1vþ k̂ · x⃗2v 20 L2 þ k̂ · x⃗2vþ k̂ · x⃗3v
3 L3 þ 2k̂ · x⃗1v 12 2L1 þ 2L2 þ 2L3 þ k̂ · x⃗1vþ k̂ · x⃗2v 21 2L1 þ L2 þ k̂ · x⃗2vþ k̂ · x⃗3v
4 2L1 þ 2L2 þ L3 þ 2k̂ · x⃗1v 13 L1 þ L2 þ L3 þ k̂ · x⃗1vþ k̂ · x⃗2v 22 L2 þ 2L3 þ k̂ · x⃗2vþ k̂ · x⃗3v
5 L1 þ L2 þ 2k̂ · x⃗2v 14 L1 þ k̂ · x⃗1vþ k̂ · x⃗3v 23 2L1 þ L2 þ 2L3 þ k̂ · x⃗2vþ k̂ · x⃗3v
6 L1 þ L2 þ 2L3 þ 2k̂ · x⃗2v 15 L1 þ 2L2 þ k̂ · x⃗1vþ k̂ · x⃗3v 24 L1 þ L3 þ k̂ · x⃗2vþ k̂ · x⃗3v
7 L3 þ 2k̂ · x⃗2v 16 L1 þ 2L3 þ k̂ · x⃗1vþ k̂ · x⃗3v 25 L1 þ 2L2 þ L3 þ k̂ · x⃗2vþ k̂ · x⃗3v
8 2L1 þ 2L2 þ L3 þ 2k̂ · x⃗2v 17 L1 þ 2L2 þ 2L3 þ k̂ · x⃗1vþ k̂ · x⃗3v
9 k̂ · x⃗1vþ k̂ · x⃗2v 18 L2 þ L3 þ k̂ · x⃗1vþ k̂ · x⃗3v
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a1 ¼ a2 ¼ a3 ¼ e6iδð1 − eiδÞ6½Fx
2F

y
3 − Fy

2F
x
3�: ðB7Þ

Consequently, η̃vf ∝ ðα̃þ β̃ þ γ̃Þ. There is a relationship
between ζ and other Sagnac combinations:

ð1 − e−3iδÞζ̃ ¼ e−iδð1 − e−iδÞðα̃þ β̃ þ γ̃Þ: ðB8Þ

Thus, we have η̃vf ∝ ζ̃ for e−iδ ≠ 1. According to Eq. (8),
combinations that differ only by an overall factor have the
same SNR.

APPENDIX C: NOISE MATRIX

The noise matrix of Sagnac combinations is given by

Sα ¼

0
B@

Sαα Sαβ Sαγ
Sβα Sββ Sβγ
Sγα Sγβ Sγγ

1
CA; ðC1Þ

where Sαα denotes the autocorrelation PSD of the α
combination, and Sαβ denotes the cross-correlation PSD
between the α combination and β combination, and so on.
Under the assumption of equal arm lengths, their expres-
sions are given by [64]

Sαα ¼ Sββ ¼ Sγγ ¼ 6Soms þ 4½3 − 2 cos δ − cosð3δÞ�Sacc;
ðC2Þ

Sαβ ¼ Sαγ ¼ Sβγ ¼ 2½2 cos δþ cosð2δÞ�Soms

− 4ð1 − cos δÞSacc; ðC3Þ

where δ ¼ 2πfL. Here, we assume that the noise is
dominated by two components, the optical metrology
system noise and the test mass acceleration noise. Their
parametrized forms are given by [48]

Soms ¼
�
2πfsoms

c

�
2
�
1þ

�
2 × 10−3 Hz

f

�
4
�
Hz−1; ðC4Þ

Sacc ¼
�

sacc
2πfc

�
2
�
1þ

�
0.4 × 10−3 Hz

f

�
2
�

×

�
1þ

�
f

8 × 10−3 Hz

�
4
�
Hz−1: ðC5Þ

For Taiji, we adopt soms ¼ 8 × 10−12 m,
sacc ¼ 3 × 10−15 m · s−2, and L ¼ 3 × 106 km.

[1] B. P. Abbott et al. (LIGO Scientific Collaboration and Virgo
Collaboration), Phys. Rev. Lett. 116, 061102 (2016).

[2] M. Punturo et al., Classical Quantum Gravity 27, 194002
(2010).

[3] D. Reitze et al., Bull. Am. Astron. Soc. 51, 035 (2019).
[4] P. A.-S. et al., arXiv:1702.00786.
[5] W.-R. Hu and Y.-L. Wu, Natl. Sci. Rev. 4, 685 (2017).
[6] J. Luo et al., Classical Quantum Gravity 33, 035010 (2016).
[7] A. Pierce, K. Riles, and Y. Zhao, Phys. Rev. Lett. 121,

061102 (2018).
[8] S. Morisaki and T. Suyama, Phys. Rev. D 100, 123512

(2019).
[9] H.Grote andY. V. Stadnik, Phys.Rev. Res. 1, 033187 (2019).

[10] H.-K. Guo, K. Riles, F.-W. Yang, and Y. Zhao, Commu-
nications in Physics 2, 155 (2019).

[11] S. M. Vermeulen et al., Nature (London) 600, 424 (2021).
[12] K. Fukusumi, S. Morisaki, and T. Suyama, Phys. Rev. D

108, 095054 (2023).
[13] H. Kim, J. Cosmol. Astropart. Phys. 12 (2023) 018.
[14] J.-C. Yu, Y. Cao, Y. Tang, and Y.-L. Wu, Phys. Rev. D 110,

023025 (2024).
[15] J.-C. Yu, Y.-H. Yao, Y. Tang, and Y.-L. Wu, Phys. Rev. D

108, 083007 (2023).
[16] Y.-H. Yao and Y. Tang, Phys. Rev. D 110, 095015 (2024).
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